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A NOTE ON ABELIAN CATEGORIES OF COFINITE MODULES
KAMAL BAHMANPOUR
Abstract. Let R be a commutative Noetherian ring and I be an ideal of R. In this
article we answer affirmatively a question raised by the present author in [1]. Also, as
an immediate consequence of this result it is shown that the category of all I-cofinite R-
modules C (R, I)cof is an Abelian subcategory of the category of all R-modules, whenever
q(I, R) ≤ 1. These assertions answer affirmatively a question raised by R. Hartshorne in
[Affine duality and cofiniteness, Invent. Math. 9(1970), 145-164], in some special cases.
1. Introduction
Throughout this article, let R denote a commutative Noetherian ring (with identity)
and I be an ideal of R. For an R-module M , the ith local cohomology module of M with
support in V (I) is defined as:
H iI(M) = lim−→
n≥1
ExtiR(R/I
n,M).
We refer the reader to [6] or [13] for more details about local cohomology.
For an R-module M , the notion cd(I,M), the cohomological dimension of M with
respect to I, is defined as:
cd(I,M) = sup{i ∈ N0 : H
i
I(M) 6= 0}
and the notion q(I,M), which for first time was introduced by Hartshorne, is defined as:
q(I,M) = sup{i ∈ N0 : H
i
I(M) is not Artinian},
with the usual convention that the supremum of the empty set of integers is interpreted as
−∞. These two notions have been studied by several authors (see [3, 8, 10, 11, 12, 15, 16]).
Hartshorne in [14] defined an R-module X to be I-cofinite, if SuppX ⊆ V (I) and
ExtiR(R/I,X) is a finitely generated R-module for each integer i ≥ 0. Then he posed the
following question:
Question 1: Whether the category C (R, I)cof of I-cofinite modules is an Abelian sub-
category of the category of all R-modules? That is, if f :M −→ N is an R-homomorphism
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of I-cofinite modules, are ker f and cokerf I-cofinite?
With respect to the question (1), Hartshorne gave a counterexample to show that this
question has not an affirmative answer in general, (see [14, Section 3]). On the positive
side, Hartshorne proved that if I is a prime ideal of dimension one in a complete regular
local ring R, then the answer to his question is yes. Delfino and Marley extended this
result to arbitrary complete local rings (see [7]). Kawasaki generalized the Delfino and
Marley’s result for an arbitrary ideal I of dimension one in a local ring R (see [18]).
Melkersson removed the local condition on the ring (see [20]). Finally, in [5] as a gener-
alization of Melkersson’s result it is shown that for any ideal I in any Noetherian ring R,
the category C 1(R, I)cof of all I-cofinite R-modules M with dimM ≤ 1 is Abelian. For
some other similar results, see also [4].
Recall that, for any proper ideal I of R, the arithmetic rank of I, denoted by ara(I),
is the least number of elements of I required to generate an ideal which has the same
radical as I.
Kawasaki proved that if ara(I) = 1 then the category C (R, I)cof is Abelian (see [17]).
Pirmohammadi et al. in [22] as a generalization of Kawasaki’s result proved that if I is an
ideal of a Noetherian local ring with cd(I, R) ≤ 1, then C (R, I)cof is Abelian. Recently,
Divaani-Aazar et al. in [9] have removed the local condition on the ring. Finally, the
present author in [3] proved that if I is an ideal of a Noetherian complete local ring R
with q(I, R) ≤ 1, then C (R, I)cof is Abelian.
We recall that the present author in [1], for any ideal I of R and any finitely generated
R-module M , defined:
A(I,M) := {p ∈ mAssRM : I + p = R or p ⊇ I},
B(I,M) := {p ∈ mAssRM : cd(I, R/ p) = 1},
C(I,M) := {p ∈ mAssRM : q(I, R/ p) = 1} and
D(I,M) := {p ∈ mAssRM : 0 ≤ dimR/(I + p) ≤ 1}.
He proved that if mAssRR = A(I, R) ∪B(I, R) ∪D(I, R) then C (R, I)cof is Abelian.
Also, he asked the following question (see [1, Question D]):
Question 2: Let R be a Noetherian ring and I be an ideal of R such that
mAssRR = A(I, R) ∪B(I, R) ∪ C(I, R) ∪D(I, R).
Whether C (R, I)cof is Abelian?
In this article, we present an affirmative answer to Question 2. More precisely, we
prove the following theorem:
ABELIAN CATEGORIES OF COFINITE MODULES 3
Theorem 1. Let R be a Noetherian ring and I be an ideal of R such that
mAssRR = A(I, R) ∪B(I, R) ∪ C(I, R) ∪D(I, R).
Then C (R, I)cof is Abelian.
Also, as an immediate consequence of Theorem 1, we deduce the following generaliza-
tion of [3, Theorem 5.3] and [9, Theorem 2.2].
Corollary. Let R be a Noetherian ring and I be an ideal of R with q(I, R) ≤ 1. Then
C (R, I)cof is Abelian.
Throughout this paper, for any ideal I of a Noetherian ring R, we denote the category
of all I-cofinite R-modules by C (R, I)cof . Also, for each R-module L, we denote by
mAssR L, the set of minimal elements of AssR L with respect to inclusion. For any ideal
a of R, we denote {p ∈ SpecR : p ⊇ a} by V (a). For any Noetherian local ring (R,m),
we denote by R̂ the m-adic completion of R. Finally, we denote by Max(R) the set of all
maximal ideals of R. For any unexplained notation and terminology we refer the reader
to [6] and [19].
2. Results
The main purpose of this section is to prove Theorem 2.9, which presents an affirmative
answer to a question raised by the present author in [1]. The following auxiliary lemmas
are quite useful in the proof of Theorem 3.9.
Lemma 2.1. (See [1, Corollary 3.6]) Let (R,m) be a Noetherian complete local ring and
I be an ideal of R such that
mAssRR = A(I, R) ∪B(I, R) ∪ C(I, R) ∪D(I, R).
Then C (R, I)cof is Abelian.

Lemma 2.2. Let (R,m) be a Noetherian local ring and T be an R-module such that the
R̂-module T ⊗R R̂ is finitely generated. Then the R-module T is finitely generated.
Proof. The assertion easily follows from the fact that R̂ is a faithfully flat R-algebra. 
Lemma 2.3. (See [1, Lemma 3.1]) Let R be a Noetherian ring, I be an ideal of R and M
be a finitely generated R-module. Then, B(I,M) ⊆
(
C(I,M) ∪D(I,M)
)
. In particular,
mAssRM = A(I,M) ∪B(I,M) ∪ C(I,M) ∪D(I,M)
if and only if mAssRM = A(I,M) ∪ C(I,M) ∪D(I,M).

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Lemma 2.4. Let (R,m) be a Noetherian local ring and I be an ideal of R such that
mAssRR = A(I, R) ∪B(I, R) ∪ C(I, R) ∪D(I, R).
Then,
mAss
R̂
R̂ = A(IR̂, R̂) ∪ C(IR̂, R̂) ∪D(IR̂, R̂).
Proof. Since, by the hypothesis we have
mAssRR = A(I, R) ∪B(I, R) ∪ C(I, R) ∪D(I, R),
it follows from Lemma 2.3 that
mAssRR = A(I, R) ∪ C(I, R) ∪D(I, R).
Now, in order to prove the assertion, it is enough to prove that
mAss
R̂
R̂ ⊆ A(IR̂, R̂) ∪ C(IR̂, R̂) ∪D(IR̂, R̂).
Assume that P ∈ mAssR̂ R̂ and set q := P ∩ R. Then, there exists p ∈ mAssRR such
that p ⊆ q. From the hypothesis it follows that
p ∈
(
A(I, R) ∪ C(I, R) ∪D(I, R)
)
.
We consider the following three cases:
Case 1. Assume that p ∈ A(I, R). If I + p = R then,
R̂ = IR̂ + p R̂ ⊆ IR̂ +P ⊆ R̂
and hence IR̂ + P = R̂. Therefore, P ∈ A(IR̂, R̂). Also, if p ⊇ I then IR̂ ⊆ p R̂ ⊆ P
and hence P ∈ A(IR̂, R̂).
Case 2. Assume that p ∈ C(I, R). Then, as q(I, R/ p) = 1 it follows that
q(IR̂, R̂/ p R̂) = 1.
So, as Supp R̂/P ⊆ Supp R̂/ p R̂, it follows from [8, Theorem 3.2] that
q(IR̂, R̂/P) ≤ q(IR̂, R̂/ p R̂) = 1.
If q(IR̂, R̂/P) = 1, then P ∈ C(IR̂, R̂). Also, if q(IR̂, R̂/P) = 0 then it is clear that
P ∈ V (IR̂) and hence P ∈ A(IR̂, R̂). Finally, if q(IR̂, R̂/P) = −∞ then in view of [3,
Lemma 4.1] we have P ∈ D(IR̂, R̂) ∪ A(IR̂, R̂).
Case 3. Assume that p ∈ D(I, R). Then, by the definition we have
dim R̂/(IR̂ +P) ≤ dim R̂/(IR̂ + p R̂) = dimR/(I + p) ≤ 1,
which implies that P ∈ D(IR̂, R̂) ∪ A(IR̂, R̂). 
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Lemma 2.5. Let R be a Noetherian ring and I be an ideal of R such that
mAssRR = A(I, R) ∪B(I, R) ∪ C(I, R) ∪D(I, R).
Then for each multiplicative subset S of R we have
mAssS−1R S
−1R = A(S−1I, S−1R) ∪B(S−1I, S−1R) ∪ C(S−1I, S−1R) ∪D(S−1I, S−1R).
Proof. The proof is straightforward and is left to the reader. 
Lemma 2.6. Let (R,m) be a Noetherian local ring and I be an ideal of R such that
mAssRR = A(I, R) ∪B(I, R) ∪ C(I, R) ∪D(I, R).
Then C (R, I)cof is Abelian.
Proof. LetM, N ∈ C (R, I)cof and let f :M −→ N be an R-homomorphism. It is enough
to prove that the R-modules kerf and cokerf are I-cofinite. Set K := kerf . Since,
mAssRR = A(I, R) ∪B(I, R) ∪ C(I, R) ∪D(I, R),
from Lemma 2.4 it follows that
mAss
R̂
R̂ = A(IR̂, R̂) ∪ C(IR̂, R̂) ∪D(IR̂, R̂).
Moreover, from the hypothesis M, N ∈ C (R, I)cof it follows that
M ⊗R R̂, N ⊗R R̂ ∈ C (R̂, IR̂)cof .
Since, R̂ is a flat R-algebra it follows that K ⊗R R̂ = ker(f ⊗R R̂). Therefore, Lemma
2.1 yields that the R̂-module K ⊗R R̂ is IR̂-cofinite. Hence, for each integer j ≥ 0 the
R̂-module
Extj
R̂
(R̂/IR̂,K ⊗R R̂) ≃ Ext
j
R(R/I,K)⊗R R̂
is finitely generated. Now, Lemma 2.2 implies that for each integer j ≥ 0 the R-module
ExtjR(R/I,K) is finitely generated, which means that K is I-cofinit. Now, the assertion
follows from the exact sequences
0 −→ kerf −→ M −→ imf −→ 0,
and
0 −→ imf −→ N −→ cokerf −→ 0.

Lemma 2.7. (See [1, Theorem 2.5]) Let R be a Noetherian ring and I be an ideal of R
such that
mAssRR = A(I, R) ∪B(I, R) ∪D(I, R).
Then C (R, I)cof is Abelian.

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Lemma 2.8. Let R be a Noetherian ring and J = (x1, . . . , xk) be an ideal of R. Let
p1, p2, ..., pn be prime ideals of R such that J 6⊆
⋃n
i=1 pi. Then, there are elements
y1, . . . , yk ∈ J such that J = (y1, . . . , yk) and (
⋃n
i=1 pi)
⋂
{y1, . . . , yk} = ∅.
Proof. Since, J = (x1, . . . , xk) *
⋃n
i=1 pi it follows that there is a1 ∈ (x2, . . . , xk) such that
x1 + a1 6∈
n⋃
i=1
pi .
Set y1 := x1 + a1. Then, J = (y1, x2, . . . , xk). We shall construct the sequence y1, . . . , yk
which are not belong to
⋃n
i=1 pi and J = (y1, . . . , yk) by an inductive process. To do this
end, assume that 1 ≤ i < k, and that we have already constructed elements y1, . . . , yi
such that J = (y1, . . . , yi, xi+1, . . . , xk). We show how to construct yi+1.
To do this, as
J = (y1, . . . , yi, xi+1, . . . , xk) *
n⋃
i=1
pi
it follows that there is ai+1 ∈ (y1, . . . , yi, xi+2, . . . , xk) such that
xi+1 + ai+1 6∈
n⋃
i=1
pi .
Set yi+1 := xi+1 + ai+1. Then, J = (y1, . . . , yi, yi+1, xi+2 . . . , xk). This completes the
inductive step in the construction. 
Now, we are ready to state and prove the main result of this article, which answers
affirmatively [1, Question D].
Theorem 2.9. Let R be a Noetherian ring and I be an ideal of R such that
mAssRR = A(I, R) ∪B(I, R) ∪ C(I, R) ∪D(I, R).
Then C (R, I)cof is Abelian.
Proof. Let M, N ∈ C (R, I)cof and let f : M −→ N be an R-homomorphism. By the
proof of Lemma 2.6 it is enough to prove that the R-module kerf is I-cofinite. Set
K := kerf .
If mAssRR = A(I, R)∪B(I, R)∪D(I, R), then the assertion holds by Lemma 2.7. So,
we may assume that mAssRR 6= A(I, R) ∪B(I, R) ∪D(I, R).
Set Φ := mAssRR\
(
A(I, R) ∪B(I, R) ∪D(I, R)
)
. Then, it is clear that Φ ⊆ C(I, R).
Now, set B :=
⊕
p∈ΦR/ p and assume that the ideal I is generated by n elements. Then,
in view of [6, Theorem 3.3.1] we have cd(I, B) ≤ n. Since, the R-module H iI(B) is
Artinian for each integer i ≥ 2 it follows that
W :=
cd(I,B)⋃
i=2
SuppH iI(B)
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is a finite subset of Max(R). Assume that W = {m1,m2, ...,mt}. Then, using the
Grothendieck’s Vanishing Theorem we can deduce that heightmc ≥ 2, for each 1 ≤ c ≤ t.
Therefore, we have height
(⋂t
c=1mi
)
≥ 2 and hence
t⋂
c=1
mi 6⊆
⋃
p∈mAssR R
p .
Assume that
t⋂
c=1
mc = (x1, . . . , xk).
Then, by Lemma 2.8 there are elements y1, . . . , yk ∈
⋂t
c=1mc such that
t⋂
c=1
mc = (y1, . . . , yk) and yℓ 6∈
⋃
p∈mAssR R
p, for each 1 ≤ ℓ ≤ k.
In particular, yℓ is not a nilpotent element of R and hence Sℓ = {1R, yℓ, y
2
ℓ , y
3
ℓ , ...} is a
multiplicative subset of R, for each 1 ≤ ℓ ≤ k.
Now, for each integer i ≥ 0, set Ui := Ext
i
R(R/I,K). Then, for each 1 ≤ c ≤ t, since
by the hypothesis we have
mAssRR = A(I, R) ∪B(I, R) ∪ C(I, R) ∪D(I, R),
from Lemma 2.5 it follows that
mAssRmc Rmc = A(IRmc , Rmc) ∪B(IRmc , Rmc) ∪ C(IRmc , Rmc) ∪D(IRmc , Rmc).
Moreover, since M, N ∈ C (R, I)cof and f :M −→ N is an R-homomorphism it follows
that, for each 1 ≤ c ≤ t, we have Mmc , Nmc ∈ C (Rmc , IRmc)cof and fmc : Mmc −→ Nmc is
an Rmc-homomorphism with the kernel Kmc . So, in view of Lemma 2.6 for each 1 ≤ c ≤ t
and each i ≥ 0, the Rmc-module, (Ui)mc ≃ Ext
i
Rmc
(Rmc/IRmc , Kmc) is finitely generated.
On the other hand, for each 1 ≤ ℓ ≤ k and each j ≥ 2, since
SuppHjI (B) ⊆ {m1,m2, ...,mt} ⊆ V (Ryℓ)
it follows that
HjIRyℓ
(Byℓ) ≃
(
HjI (B)
)
yℓ
= (Sℓ)
−1HjI (B) = 0,
which means that
mAssRyℓ Ryℓ = A(IRyℓ , Ryℓ) ∪B(IRyℓ , Ryℓ) ∪D(IRyℓ , Ryℓ).
Furthermore, since M, N ∈ C (R, I)cof and f :M −→ N is an R-homomorphism it fol-
lows thatMyℓ , Nyℓ ∈ C (Ryℓ , IRyℓ)cof and (Sℓ)
−1f :Myℓ −→ Nyℓ is an Ryℓ-homomorphism
with the kernel Kyℓ . Therefore, by Lemma 2.7, the Ryℓ-module
(Ui)yℓ ≃ Ext
i
Ryℓ
(Ryℓ/IRyℓ , Kyℓ)
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is finitely generated, for each 1 ≤ ℓ ≤ k and each i ≥ 0. Thus, for each 1 ≤ ℓ ≤ k and
each i ≥ 0, there is a finitely generated submodule Gi,ℓ of the R-module Ui such that
(Ui)yℓ = (Gi,ℓ)yℓ and so, (
Ui/Gi,ℓ
)
yℓ
= 0.
Now, for each i ≥ 0, set Xi := Gi,1 + Gi,2 + · · · + Gi,k. Then, for each i ≥ 0, the
R-module Xi is a finitely generated submodule of Ui such that
(
Ui/Xi
)
yℓ
= 0, for each
1 ≤ ℓ ≤ k. In particular, the R-module Ui/Xi is Ryℓ-torsion, for each 1 ≤ ℓ ≤ k and each
i ≥ 0. Consequently, the R-module Ui/Xi is (y1, . . . , yk)-torsion, for each i ≥ 0. So, we
have
SuppUi/Xi ⊆ V (Ry1 + · · ·+Ryk) = V (∩
t
c=1mc) = {m1, .., ,mt}, for each i ≥ 0.
Since, for each 1 ≤ c ≤ t and each i ≥ 0, the Rmc-module
(
Ui/Xi
)
mc
is finitely generated,
it follows that Ui/Xi is a finitely generated R-module and hence Ui is finitely generated
too. This means that K is an I-cofinite R-module, as required. 
The following consequence of Theorem 2.9 is a generalization of [3, Theorem 5.3] and
[9, Theorem 2.2].
Corollary 2.10. Let R be a Noetherian ring and I be an ideal of R with q(I, R) ≤ 1.
Then C (R, I)cof is Abelian.
Proof. Since, by the hypothesis we have q(I, R) ≤ 1, from [8, Theorem 3.2] it follows that
q(I, R/ p) ≤ 1, for each p ∈ mAssRR. Now, let p ∈ mAssRR. If q(I, R/ p) = 1, then
p ∈ C(I, R). Also, if q(I, R/ p) = 0 then it is clear that p ∈ V (I) and hence p ∈ A(I, R).
Also, if q(I, R/ p) = −∞ then in view of [3, Lemma 4.1] we have p ∈ D(I, R) ∪ A(I, R).
Therefore, we have
mAssRR = A(I, R) ∪ C(I, R) ∪D(I, R),
and hence the assertion holds by Theorem 2.9. 
Corollary 2.11. Let R be a Noetherian ring of dimension at most 2 and I be an arbitrary
ideal of R. Then C (R, I)cof is Abelian.
Proof. Let d := dimR. Then, by [21, Proposition 5.1] the R-module HdI (R) is Artinian
and by Grothendieck’s Vanishing Theorem, for each i > d we have H iI(R) = 0. Since, by
the hypothesis we have d ≤ 2 it is clear that q(I, R) ≤ 1 and hence the assertion follows
from Corollary 2.10. 
Corollary 2.12. Let R be a Noetherian ring and I be an ideal of R such that
mAssRR = A(I, R) ∪B(I, R) ∪ C(I, R) ∪D(I, R).
Let
X• : · · · −→ X i
f i
−→ X i+1
f i+1
−→ X i+2 −→ · · · ,
be a complex such that X i ∈ C (R, I)cof for all i ∈ Z. Then for each i ∈ Z the i-th
cohomology module H i(X•) is in C (R, I)cof .
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Proof. The assertion follows from Theorem 2.9. 
Corollary 2.13. Let R be a Noetherian ring and I be an ideal of R such that q(I, R) ≤ 1.
Let
X• : · · · −→ X i
f i
−→ X i+1
f i+1
−→ X i+2 −→ · · · ,
be a complex such that X i ∈ C (R, I)cof for all i ∈ Z. Then for each i ∈ Z the i-th
cohomology module H i(X•) is in C (R, I)cof .
Proof. Using Corollary 2.12, the assertion follows from the proof of Corollary 2.10. 
Corollary 2.14. Let R be a Noetherian ring of dimension at most 2 and I be an ideal of
R. Let
X• : · · · −→ X i
f i
−→ X i+1
f i+1
−→ X i+2 −→ · · · ,
be a complex such that X i ∈ C (R, I)cof for all i ∈ Z. Then for each i ∈ Z the i-th
cohomology module H i(X•) is in C (R, I)cof .
Proof. Using Corollary 2.13, the assertion follows from the proof of Corollary 2.11. 
Corollary 2.15. Let R be a Noetherian ring and I be an ideal of R such that
mAssRR = A(I, R) ∪B(I, R) ∪ C(I, R) ∪D(I, R).
Let M be an I-cofinite R-module and N be a finitely generated R-module. Then the
R-modules TorRi (N,M) and Ext
i
R(N,M) are I-cofinite, for all integers i ≥ 0.
Proof. Since N is finitely generated it follows that, N has a free resolution with finitely
generated free R-modules. Now the assertion follows using Corollary 2.12 and computing
the R-modules TorRi (N,M) and Ext
i
R(N,M), by this free resolution. 
Corollary 2.16. Let R be a Noetherian ring and I be an ideal of R such that q(I, R) ≤ 1.
Let M be an I-cofinite R-module and N be a finitely generated R-module. Then the R-
modules TorRi (N,M) and Ext
i
R(N,M) are I-cofinite, for all integers i ≥ 0.
Proof. Using Corollary 2.15, the assertion follows from the proof of Corollary 2.10. 
Corollary 2.17. Let R be a Noetherian ring of dimension at most 2 and I be an ideal of
R. Let M be an I-cofinite R-module and N be a finitely generated R-module. Then the
R-modules TorRi (N,M) and Ext
i
R(N,M) are I-cofinite, for all integers i ≥ 0.
Proof. Using Corollary 2.16, the assertion follows from the proof of Corollary 2.11. 
Corollary 2.18. Let R be a Noetherian ring and I be an ideal of R such that
mAssRR = A(I, R) ∪B(I, R) ∪ C(I, R) ∪D(I, R).
Let M, N be two finitely generated R-modules. Then the R-modules TorRi (N,H
j
I (M)) and
ExtiR(N,H
j
I (M)) are I-cofinite, for all integers i ≥ 0 and j ≥ 0.
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Proof. The assertion follows from [1, Theorem 3.8] and Corollary 2.15. 
Corollary 2.19. Let R be a Noetherian ring and I be an ideal of R such that q(I, R) ≤ 1.
Let M, N be two finitely generated R-modules. Then the R-modules TorRi (N,H
j
I (M)) and
ExtiR(N,H
j
I (M)) are I-cofinite, for all integers i ≥ 0 and j ≥ 0.
Proof. The assertion follows from [1, Theorem 4.10] and Corollary 2.16. 
Corollary 2.20. Let R be a Noetherian ring of dimension at most 2 and I be an ideal of
R. Let M, N be two finitely generated R-modules. Then the R-modules TorRi (N,H
j
I (M))
and ExtiR(N,H
j
I (M)) are I-cofinite, for all integers i ≥ 0 and j ≥ 0.
Proof. Using the proof of Corollary 2.11 we have q(I, R) ≤ 1. So, the assertion follows
from Corollary 2.19. 
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